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Riemannian path space

@ M: a complete Riemannian manifold;
o Py(M) :={v € C([0,1]; M);v(0) = o};

® i, the Brownian measure on P,(M) (the probability measure on P,(M)
under which the distribution of y(-) is an M-valued Brownian motion;

@ U.(vy): stochastic horizontal lift along v(-);
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Riemannian path space

@ Cameron-Martin space: .
H := {h € C([0,1]; R4); h(0) = 0, [, |i(s)Pds < oo};

@ Malliavian derivative

F(y) =f(v(t1),- (), 0<t; <+ <t < 1, f € Co(M");

k
DhF(fy) = Z <vlf(7(t1)7 o V(Ik))a Uli(PY)h(ti)> ) h e H;

1 (i)

DF(~y) € H such that

(DF(v), hyu = DyF(v), h e H;

Xin Chen (SJTU) Existence of quasi-invariance flow on loop space July 12-16, 2021 5/37



Riemannian path space

e O-U Dirichlet form (on L*(P,(M); 11))

8(F.F) = / o IPPOinlan), F e (6

@ Motivation: Feynman path integral;

@ Motivation: SPDE(P(M)-valued process), Quasi-regularity([Z.M. Ma
and M. Rockner 92])
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Existence of quasi-invariance flow

For every h € H, there exists a flow £° : P,(M) — P,(M), € € R such that the
following statements hold.
o &) =m
@ There exists a y,-null set Ag, such that for all v € P,(M) /Ao, & (7) is
jointly C! in ¢ € R and continuous in s € [0, 1] and

& (v)
Oe

= Us(&)h(s), e € R, s €0, 1],
e Forevery 1, ¢, € R, it holds that for p,-a.s. v € P,(M),

€7 0 £%2(7) = €72 (y);

@ For every € € R, suppose that y5 is the law of £° on P,(M). Then 1 is
absolutely continuous with respect to fi,.
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Existence of quasi-invariance flow

e M compact, h € C'([0, 1]; R?): [B. Driver 92]
@ M compact, h € H: [E. Hsu 95]

@ M complete and stochastically complete, 2 € H: [E. Hsu and C. Ouyang
09]

Motivation: To define the gradient for a general F € H'.
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Riemannian loop space

o Ly(M) :={y € C([0,1]; M);7(0) = 7(1) = o}

@ v,: the Brownian bridge measure on P,(M)

B, [F] = E,, [Fly(1) = o;

o Finite dimensional expression
F('Y) :f(’Y(tl)a""Y(tk)), O<y<--- <y <1, fe Cll)(Mk);

ey xi)p(t0,x0) - p(1 =t i, 0)dx - - de
a p(1,0,0) ’
(D

Ey, [F]
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Riemannian loop space

@ U.(7): stochastic horizontal lift along ~(-)

dU[ = ZHI(UI) o dB; + Hvlogp(lft,’y(t),o)(Ut)dt;

i=1
o Hy:= {h e C([0,1;RY); A(0) = h(1) = 0, [;} [ii(s)2ds < o0};

@ Malliavian derivative

F(y)=f(v(t),v(t)), 0 <ty < -+ <t < 1, f € CH(MP);

k
DopF(v) = Z <vif(’}’(tl>> (1)), Uti(’Y)h(fi)> X h & Ho;

"
i=1 o
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Riemannian loop space

e Malliavin gradient operator: DF(y) € Hj such that
(DoF(7), by, = DosF(v), h € Ho;

e O-U Dirichlet form (on L*(L,(M); v))

So(F. F) = / IOl F € ()

L,

@ Motivation: homology and cohomology, string theory and loop quantum
gravity;
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© Introduction

e Functional inequalities on L, (M)
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Functional inequalities on L,(M)

e For functional inequalities for (&, 2(&)) (on L*(P,(M); ,)), the crucial
ingredients is the Ricci curvature bound on M;

o [L. Gross 91], [S. Aida 98] If M is not simply connected, then weak
Poincaré inequality does not hold for (&, Z(&p)).

@ [A. Eberle 03] There exists a simply connected compact manifold M,
such that Poincaré inequality does not hold for (&y, Z(&p)) on L,(M).

@ [S. Aida 98] If M is compact and simply connected, then weak Poincaré
inequality holds for (&y, Z(&p)), but any estimation of the rate function
is unknown.
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Functional inequalities on L,(M)

o [L. Gross 91], [F.Z. Gong, Z.M. Ma 98] If M is compact and simply
connected, then there exists a V € (2| L (Lo(M); v,)

E,,[F?log F?] — B, [F*]logE, [F?] < Cé(F,F) + E,,[VF?]

o [F.Z. Gong, M. Rockner, L.M. Wu 01], [S. Aida 01] If M is compact
simply connected, then there exists a ground state measure v, , such that

E,, ,[F?] — E, [} < C / oI
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Functional inequalities on L,(M)

@ [S. Aida 99] If M = H", then
EV{) [Fz log Fz] - ]EZ/O [FQ’] log EV{) [Fz]

<C / p(V)IDoF (7) f, Vo (d),
Lo(H")

where p(7) = sup,co 1) d(0,7(2)).
e [C.,X.M. Li, B. Wu 10], [S. Aida 17] If M = H", then

Ey, [F?] — By, [F]* < C&(F, F);
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Functional inequalities on L,(M)

o [C., X.M. Li, B. Wu 11] If M is compact and Ric > 0, then for every
6>0
E,, [F?] — By, [F* < Cr°&y(F, F) + r|[F||%,.

o [A. Eberle 03, S. Aida 11] If M is compact, then there exists a rg > 0,
such that for every F € 2(&p) with suppF C B, (ry),

E,, [Flog F?] — By, [F?] logE,, [F?] < C / ID0F) ()

L,

Here B,(ro) := {7y € Lo(M); sup,cp 1) d(0,7(t)) <ro};
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Important ingredients

@ Topological properties of based manifold M;

@ M compact, asymptotic gradients estimates for heat kernel

d 1

|vX10gp(t7x7y)| g C( (x,y) + > y XY GM, re (07 1]
t \/i
d? 1

‘vilogp(taxay)‘ < c <(:2’y) + [> y XY EM, te (07 1]

o [P. Malliavin, D.W. Stroock, 97]
Suppose y € M and K C Cut‘(y) is a compact set, then

dz()zc, y) > ‘

lim sup
0 xek

tV2logp(t,x,y) + V2 (
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Existence of quasi-invariance flow

[B.Driver 94] Suppose M is compact, then for every / € Hy N C', there exists
aflow &° : L,(M) — L,(M), ¢ € R such that the following statements hold.

o £0(v) = . There exists a v,-null set Ao, such that for all v € L,(M) /Ay,
£ (7) is jointly C' in ¢ € R and continuous in s € [0, 1] and

& (v)
Oe

= U(§)h(s), e e R, s €0, 1];

e Forevery 1, ¢, € R, it holds that for v,-a.s. v € L,(M),

£ 072 (y) = 12 (y);

e Forevery € € R, suppose that v is the law of £° on L,(M). Then v/5 is
absolutely continuous with respect to v,

Xin Chen (SJTU) Existence of quasi-invariance flow on loop space July 12-16, 2021 19/37



Some Questions

e What is the functional inequalities for (&, Z(&y)) on L,(M) when M is
non-compact M?

@ Whether there exists a quasi-invarince flow on L, (M) when M is
non-compact and & € Hy.
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Asymptotic gradient estimates for heat kernel

Theorem (C., Li and Wu 21+)

Suppose M is a general complete Riemannian manifold.
(1) Suppose x,y € M and x ¢ Cut(y), then

2
lim 19 logp(t,x,) = ~ V. <d (x, y)) .
L.

2

Here the convergence is uniformly for x € K with K being a compact
subset of Cut(y).

(2) Suppose K C M is a compact subset of M, then there exists a positive
constant C(K), (which depends on K) such that

d
|Vilogp(t,x,y)| < C <M - —) , x,y €K, 1€ (0,1].
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Asymptotic gradient estimates for heat kernel

Theorem (C., Li and Wu 21+)

Suppose M is a general complete Riemannian manifold.

(1) Supposey € M and K C Cut“(y) is a compact set, then

d2
lim sup |rV2logp(t, x,y) + V2 ( x, y)) ' =0.
0 xek 2

(2) Suppose K C M is a compact subset of M, then there exists a positive
constant C(K), such that for all x,y € K, t € (0, 1],

d? 1
Viogp(e.n)| < € (S + 7).

X. Chen, X.-M. Li, B. Wu: Logarithmic heat kernels: estimates without
curvature restrictions, arXiv:2106.02746.
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The existence of O-U Dirichlet form

Theorem (C., Li and Wu 21+)
Suppose M is complete and stochastically complete, there exists a (Brownian
bridge) probability measure v, on L,(M) which posses the finite dimensional

distribution (1).
Moreover, given a o € (0, 1), there exists a v,-null set A € Ly(M), such that

foreveryy ¢ A,
d(v(s),7(1) SC((r =95 0<s << L

| \

Theorem (C., Li and Wu 21+)
Suppose M is complete and stochastically complete. The quadratic form
(&, -F Cp) is closable, and its closed extension (&y, Z(&y)) is a quasi-regular

Dirichlet form.
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Functional inequalities

Theorem (C., Li and Wu 21+)

If M is complete and stochastically complete, then there exists a ro > 0, such
that for every F € 2(&y) with suppF C B, (rp),

E,,[Flog F?] — E,, [F%] logE,, [F] < C / o PO )
L,

Here B,(ro) = { € Lo(M); sup,cio py d(0, (1)) < ro};

| A

Theorem (C., Li and Wu 21+)

Suppose M is complete and stochastically complete, then there exists a
positive function V. € M)2 | IF (B, (R); v,) for all R > 0, such that

Ent,,(F?) < C& (F,F) +E,,(VF?), F € Di0e(&),

where Djpc(&0) = {F € 2(&); supp(F) C B,(R) for some R > 0}.
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Theorem (C., Li and Wu 21+)

Suppose M is complete and stochastically complete, then for every h € H,
there exists a flow £ : L,(M) — L,(M), € € R such that

o &(y) = v and

965 ()
Oe

= Us(§5)h(s), e €R, s € [0, 1];
@ Foreveryey, ey € R, it holds that for v,-a.s. v € L,(M),

510 €72 () = £ (y);

@ Suppose that VS is the law of €% on L,(M). Then

dve c _
T —exp [ /O G *)dA],

where

Xin Chen (SJTU) Existence of quasi-invariance flow on loop space July 12-16, 2021



Idea of the proof: cut-off vector fields

[A. Thalmaier 97], [A. Thalmaier, F.Y. Wang 98] Let D,, C M is a increasing
sequence of subset with U,,D,, = M, set 7, := 7p,,. For any m € N, there
exists a random vector field ,, : [0, 1] x C([O 1]; M) — [0, 1], such that

o 1’ < T (’Y) .
° nltiy) = { 0, r > Tm(vl) ;

@ 1,(t,7) is %, -adapted and [,,(-,) is absolutely continuous;

@ For every positive integer k € Z_, we have

sup E,,, / 1 (s,7)|*ds| < C(m,k).

Xem
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Idea of the proof

@ Foranyr < 1,

dvg
dv, | 7,

~hisaa e [ 4 )

== h 1 (’Y)Zh,z('Y)

5.6 = [ U7 odgt = [ ofrds + [ At
0 0 0
where 0" is SO(n)-valued process and

SIIB?IZ ) }A?’E(’y)| <ci(e,r) (|h'(s)| + |h(s)|) <oo,VeeR, r>0.
YEB,(r
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Idea of the proof

o If M is compact, then we have

() o [ 20280

and there exists a A > 0,

oo (5[ 222900 <.

@ When M is non-compact, the above estimates do not hold.

o Instead, we are going to prove (convergence in probability)

, 1
111%{1251 =1, hmZ ZZZ
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Idea of the proof

e For .%; adapted F we have

/ Fdv: = / FZ\Zdv,.
Lo(M) o) T

e Taking r 1 1, by Fatou’s lemma we know for every non-negative F'

/ Fdvs >/ FZ)du,.
O(M) O(M) '
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Idea of the proof

o Now we take G(7) = F (£°(7)) Z; (£°(7)) obtain

/L F () Z2 () vol(d)
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Idea of the proof
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Idea of the proof

The limit for Z;"|
@ Comparison with the heat kernel on compact manifold

p(=16().0) i, (1= 1,6(2).0) +e 75

1 Tm < A 1 Tin
p(l - t7’7([)?0) =0 pMml (1 — t,’Y(t)aO) —e 1-1 {rn()>1}

p(l_tvgt_e('y)vo)l >pMm] ( -1 gt ) 171 o)
Tin = L Tm(7Y)>1t
p(T=ta(.0) 0 hy () e
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Idea of the proof

. . 571‘
The limit for Zh72

°
t 1
@2( )\) _/O <(h/(s) + 2R1°Us(§k)h(5)> ,0?’)‘dbs +A?,Ads>
t
+/ <h’(S)7O§%/\U;1(7)VIng(1 —5,7(s),0) ds>
0

( JRicu0hls): 42U () Togp (1 = 5.7(5)0) s
A

o The difficult one: the limit for I

Xin Chen (SJTU) Existence of quasi-invariance flow on loop space July 12-16, 2021 33/37



Idea of the proof

. . 571‘
The limit for Zh72

°
t 1
@2( )\) _/O <(h/(s) + 2R1°Us(§k)h(5)> ,0?’)‘dbs +A?,Ads>
t
+/ <h’(S)7O§%/\U;1(7)VIng(1 —5,7(s),0) ds>
0

( JRicu0hls): 42U () Togp (1 = 5.7(5)0) s
A

o The difficult one: the limit for I
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Idea of the proof

d (O?’AUS_IV logp (1 —s,7(s), 0)) = LY Adb, + L2 ds,

where
] e o (4060 1 6l ((5).0)
veIBop(r) L (7)‘< 3()( (1 —5)2 Jrl—s+ 1—s )’
| < o [ MO G(5). 00
sup |30 < o )( sy
|h(s)] ) d(v(s),0) 1
+1_s+(1+|h(s)|yh(s)|)-( L +m)>
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M = <h(z),0ﬁ“U,_‘(v)V10gp (1- t,v(t),0)>
- /Ot (n(s).d (0F*U; 'V iogp (1 = 5,7(5),0)) )
= (h(1), 0P U7 (1) T logp (1 = 1,7(1),0) )

- /t<h(S),L§’h”\dbs> - /t<h(s)7L?,h,)\ds>

0 0
2L, 220, 423\
S P e f

. 21,
lim v, [|It |1{Tm>t}}

. d(y(1),0) 1
<C41;Tr§1\h(t)lvo[< - +m Liy(1)eBo(m)}

1/2

h(t !

< lim cs|h (D) < ¢s hTr{l </ |h’(s)|2ds> =0.
! t

S V1 — ¢t
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Thank you for your attention!

iance flow on loop space
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